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1 Intro duction

This documentdescriles our numericalmetha for integrating systemsof conservation
laws (e.g., the Eulerequationsof gasdynamicsnan AMR grid hierachywith emkedded
boundaies. We usean unsplit, second-mler Gadunovmethal, extendingthe algaithms

develogd by Colella[Col9Q and Saltzman[Sal94].

2 Notation

All theseoperationstake placein a verysimila contextto that presentedn [CGL" 0Q].
For non-emleddedbounday notation, referto that document.

The standad (i; j ; k) is not suzxcient hereto denotea computationakellastherecan
be multiple VoFsper cell. We de nev to be the notation for a VoF andf to be a face.
The function ind(v) producesthe cell which the VoF livesin. We de nev™ (f) to be
the VoF on the high sideof facef ; vi (f ) is the VoF on the low sideof facef ; f (V)
is the set of faceson the high sideof VoF v; f | (v) is the set of faceson the low side
of VoF v, whered 2 fx;y; zg is a coordinate direction (the numkber of directionsis D).
Also, we compposetheseoperatas to repgesentthe set of VoFsdirectly connectedio a
givenVoF: v (v) = v* (f (v)) andvi (v) = vi (f i (v)). The < operata shiftsdata
in the directionof the right handargument. The shift operata canyield multiple VoFs.
In this case the shift operata includesaveraginghe valuesat the shifted-toVoFs.

We follow the sameappoachin the EB casein de ning multileveldata and operatas
aswe did for ordinay AMR. Givenan AMR meshhierachyf - 'g/"®  we de ne the valid
VoFson levell to be

V\I/alid = ind’ (- {/alid) (1)

and composite cell-centeredlata

r comp — fr I;vaIidg::mOax;- I;valid :V\I/alid ! Rm (2)



For face-centerediata,

|;d _ . |; d
Fuoaig = ind" (- /5
F—I;valid — (Fol;valid; e Fllj;\i/allid) (3)
F(Ij;valid : F\I/;adlid I Rm

For computationsat cell centersthe notation
CC=AjBjC

meansthat the 3-point formula A is usedfor CC if all cell centeredvaluesit usesare
availablethe 2-point formulaB is usedif currentcellbordersthe highsideof the physical
domain(i.e., no high sidevalue),andthe 2-point formulaC is usedif currentcellborders
the low sideof the physicaldomain(i.e., no low sidevalue). A valueis \available" if its
VoF is not coveredand is within the domainof computation. For computationsat face
centersthe analogousotation

FC=AjBjC

meansthat the 2-point formula A is usedfor F C if all cell centeredvaluesit usesare
availablethe 1-point formulaB is usedif currentfacecoincideswith the high sideof the
physicaldomain(i.e., no high sidevalue), and the 1-point formula C is usedif current
facecoincidedwith the low sideof the physicaldomain(i.e., no low sidevalue).

3 Equations of Motion

We are solvinga hyperholic systemof equationsof the form
Xi 1 gd
@ + gd =S (4)
@ ., &
For 3D polytropicgasdynamics,

U= (Vz%g;%g;%g;VzBT
F* = 'hy; v Yoy uy; Yoyuy; Yoy E + pr¢T

FY = I1/2L51,;1/21,1uy;1/2L§;1/2L3;uz;1/zt,;E + uyp¢T (5)
F? = '1hy; Vayu,; Yeuuy; vod; oyE + U,p
S N

i e 2

We are givenbounday conditionson facesat the bounday of the domainandon the em-
beddedbounday. We alsoassumeheremay be a changeof variablesw = W(U) (W ~
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\primitive variables") that canbe appliedto simplifythe calculationof the chaacteristic
structureof the equations.This leadsto a simila systemof equationsn W.

Xi 1 d

d=0 (6)
Ad=r yWe¢er yF%¢r U
SP=r W ¢S

For 3D polytropic gasdynamics,

= (%lx; Uy; Uzs )"

W
0 1
u % 0 0 0
0 u 0 0 L
AX:%O 0 u 0 0
0 0 0 u 0
0 % 0 0 u
0 1
uy 0 % 0 0
Ou 0 0 O
AM=B 0 0 u 0 2
0 0 0 u O
0 0 %@ 0 u
0 1
u, 0 0 % 0
0Ou 0 0 O
A’=B 0 0 u, 0 O
000 u %
0 0 0 %@ u,

4  Approximations to r ¢F.

To obtain a second-mler appoximation of the °ux divergencen conservativéorm, rst
we must interpolate the °ux to the face centroid. In two dimensionsthis interpolation
takesthe form

1 1
n+s . an+ 2) (7)

f <<sig n(x)ed |

+1 +1 e
B =R+ Xi(F

wherek isthe centroidin the directiond perpendiculato the facenarmal. In threedimen-
sions,de ne(%; ¥) to be the coordinatesof the centroidin the plane(d*; d?) perpendicula



to the facenarmal.

BN =FM (1 xy+ jkyj)+ ®)
Fiml e 5T 1 159 ©)
Pl e 911 X9 (10)
an:jc,ig n(edt<<sig nxyes? (XY (11)

Centroidsin any dimensionare narmalizedby ¢ x and centeredat the cell center. This
interpolationis onlydoneif the shiftsthat are usedn the interpolationare uniquely-de ned
andsingle-valued.

We then de ne the conservativelivergenceppoximation.

1 Ril X X n+l B:n+ i
o s@lE" )+ &R (12)

d=0 8=+ ;j fZF\(/j§

r ¢F° (D ¢F)°=

The non-conservativdivergenceppoximationis de ned below.

1 X yi 1 +1
roF = (D ¢F)"C = o §F s’ (13)
8 8§ =+ ;i d=0
P n+: . .
¢n+%_ <W torgs F 2 fN(FJ®)>0 14
vigld T - coveredn+ } . (14)
" Fuga  ° otherwise

The preliminay update update of the solutionof the solutiontakesthe form:

UM t= Ui et((Li ky)(D CF)JC + k(D ¢F)P) (15)
M = ¢tky(1i k(D C¢F); i (D ¢F)') (16)
M is the total massincrementthat hasbeenunaccountedor in the preliminay update.

Seethe EBAMRTools documentfor how this massgetsredistributedin an AMR context.
On a singlelevel,the redistributiontakesthe following form:

U™ = U0t + w00 2M,, (17)
v 2 N (v); (18)
whereN (v) is the set of VoFsthat can be connectegfo v with a monotonepath of
length- 1. The weightsare nonnegativeand satisfy C oW 0 = 1
vo2N (v)



5 Flux Estimation

GivenU" and S!', we want to computea second-mler accurateestimateof the °uxes:

1 _
F 2 Y F9(xo+ (i + zedh;t"+ 2¢ t). Speci cally wewantto computethe °uxesat the

centerof the Catesiangrid facescaresmpndingto the facesof the embeddedbounday

geometry In addition, we want to compute°uxes at the centersof Catesiangrid faces
carespndingto facesadjacentto vofs,but that are completelycovered.Pointwiseoper-
ationsare conceptuallythe samefor both regula andirregula VoFs. In other operations
we specify both the regula and irregula VoF calculation. The transfamationsr W

andr U are functionsof both spaceandtime. We shallleavethe precisecenteringof

thesetransfomationsvagueasthis will be application-depndent. In outline, the methad

is givenasfollows.

5.1 Flux Estimation in Two Dimensions

1. Transfom to primitive variables.

W = W (UM (19)

2. Computeslopes ¢ W, . This is descriled sepaatelyin section6.

3. Computethe e®ectof the narmal derivativeterms and the sourceterm on the
extraplationin spaceandtime from cell centersto faces.For 0- d< D,

1 ¢t
Wyisa = Wy + §(§| i FAS)P§ (¢ de)
As = Ad(Wv)
X 20
Ps (W) = (I CW)r (20)
§,k>0

¢t
Wy:g:0a= Wyigat+ 7r uW ¢S]

where,  are eigenvaluesf A%, andl, andry are the carespndingleft and right
eigenvects. We then extrapolate to the coveredfaces. First we de ne the VoFs

involved.
d°=1; d
s =sign(n9)
v =ind’ Y(ind(v) + se®; sled) (21)

vsi%® =indi Y(ind(v) + s%eY)

Vcorner :indi 1(ind(v) + Sdoedo)



De ne WUpside.caner “axtramlationsto the edgesnea the VoFsnea v.
Wup = WVUP;" ,d
WS = Wsier g | $7¢ W
N\ comer — chomer;.. d

coyy = & Wik ifnd> ne

(22)
¢ dW\?corner

otherwise
¢ dOW _ ¢ dOW\?corner |f nd > ndo
¢ W,  otherwise

wherethe slopes are de ned in section6 If any of thesevofs does not have a

monotonepath to the original VoF v, we drop order the order of interpolation.
If jnaj < jnaoj:

- L . d:
qull — jj:_;:jwcorner_'_ (1i jj:_j:j)wupi (Jj:dgj Sd¢ dW+ Sdo¢ doW) (23)

8 . .
% Wy full if both exist

VW Covered Wp if only v exists (24)
VST weemer if only veomer exists
- WY if neitherexists

If jngj , JNqoj:

full — chorner+ (1i jn_dOj)Wside. (Jn_doj d°

— = 5% W+ sd¢ W) (25
jngj ingj ' Yndgj ) (25)
8 . .
% w ful if both exist
chvgred _ Wside if 0n|yvside exists (26)
v;8:d § V\comer if on|yvcorner exists
A if neitherexists



4. Computeestimatesof F¢ suitablefor computing1D °ux derivatives%,j usinga
Riemannsolverfor the interiar, R, andfor the bounday, Rg.

Fle = R(in ():+:dy W, (£ ;i s d)
. o1
] Re(Wy, ty;+:a: (1 + éed)h;d)

. 1 (27)
J Re(Wy, (fy; s (i + éed)h;d)
d= dir(f)
5. Computethe covered’uxes F 1P:covered
Fvl E govered = R(Wy;s:0; Wy ;O+V?dred; d) (28)

1D covered — covered. .
F -d R(Wv;i d !WV;i §d1d)

6. Compute nal carectionsto W;.s.q4 dueto the nal transversederivatives. For
regula cells,this takesthe following form.

+1 ¢t
W|n§ ;é =nWisa i Zhr uW ¢(F|+ led1 [ FiliD%edl) (29)
dsé dl, 0- d;d1< D
(30)

For irregula cells,we computethe transversealerivativesand usethemto carect
the extraplatedvaluesof U andobtaintime-centereduxesat centersof Catesian
faces.In two dimensionsthis takesthe form

Dd? §(¢v+ dy |év;i ;dl)
P .
Ié 0= ) Nv-;d0 f2Fv;§; Fle§ d° if NV;§3dO> 0
v;§8,;d : Fvllg,.:j:gvered otherwise (31)
d@dl, 0- d,d1<D
+1 Ct .
W\?§d vigd i ?r UW(Ddy?Fv)
+1
Extrapolate to coveredfaceswith the proceduredescriled above using WJ;.. 4 to
L-covered
form Wq;§ 4



7. Computethe °ux estimate.

2= ROWITE L GWIE i)
i Ro (W) i+ Seni0
] RB(W\?++(f%);i (0 %ed)h;d) (32)
F\? J.r ;%d;covered = R(W\? :r ;%d;covered; W\?T :%d; d)
el

8. Modify the °ux with arti cial viscosiy wherethe °ow is compessive.

5.2 Flux Estimation in Three Dimensions

1. Transfom to primitive variables.
W= W (U (33)
2. Computeslopes¢ W, . This is descried sepaately in section6.

3. Computethe e®ectof the normal derivativeterms and the sourceterm on the
extramlationin spaceandtime from cell centersto faces.For 0 d< D,

1 ¢t
Wysa = Wy + §(§| i TAS)P§ (¢ de)
As = Ad(Wv)
X 34
Ps (W) = (I CW)r (34)
§,k>0

¢t
Wy.g:0a= Wyigat+ 7r uW ¢S]

where,  are eigenvaluesf A%, andly andry are the carespndingleft and right
eigenvectrs.

We thenextrapolateto the coveredaces.De nethe directionof the facenarmalto
be di anddy; d, to be the directionstangentialto the face. The proceduredevelops
asfollows

2 \We de ne the ass@iatedvofs.

2 We form a 2x2 grid of valuesalonga planeh away from the coveredaceand
bilinealy interpolate to the point wherethe narmal intersectsthe plane.

2 We usethe slopes of the solutionto extrapolate alongthe narmal to get a
second-aler approximation of the solutionat the coveredface.

9



Whichplaneis selecteds determinedoy the directionof the narmal. If anyof these
VoFsdoesnot havea monotonepath to the original VoF v, we drop orderthe order
of interpolation.

Ifjnfj s jndlj andjndfj 5 jndzj:

v® =indi Y(ind(v) + s e%)
v =indi Y(ind(v) + s%e®)
v =indi Y(ind(v) + s%2e%)
v =indi Y(ind(v) + ste® + s®e®)

WP = Wy g i ¥ ¢ % Wy (35)
W™= Wy g,
WO = Wyor - g
wh = Wy g,

We form a bilinea function W (xq,; X4,) in the planeformed by the four facesat
whichthe valuedlive:

W (Xg,; Xd,) = AXg, + BXg, + CXg,Xg, + D
A :Sdl(WlO i WOO)

B =s2(W% | W) (36)
C= Sdlsdz(Wll | WOO) l (Wlo | WOO) | (WOl | WOO)
D =w®

We then extrapolate to the coveredface from the point on the plane wherethe
normal intersects

wil = W(s‘hM;stM) i ¢ 9 Wy sd1M¢ BW, 10 | sd2M¢ 92\, 01
JNg; J JNg; J JNg; J JNg;
(37)
Otherwise(assumgng,j , jng j andjngj , jNg,j):
v® =indi }(ind(v) + s%e®)
v =indi Y(ind(v) + sted); s% e
vo =indi Y(ind(v) + s®e) + sd2ed
vl =indi Y(ind(v) + sted j s¥ed + gd2ed (38)
W = Wyoo.-
W= Wy, s
WO = Wyor - s
W= Wy - ;s

10



We form a bilinea function W (Xg, ; Xq,) in the planeformed by the four facesat
which the valueslive. This is shavn in equation36. We then extrapolate to the
coveredacefrom the point on the planewherethe narmal intersects

qull W(Sdf j.ndf J : Sdzj:ndzj:) i ¢ leVOO i S J dr J %% df W . sdzjndzj dZWV o1
Jndlj Jndlj Jndlj Jndlj (39)
In eithercase,
Wil if all four VoFsexist
W = oheraise (40)

wn otherwise

Vv

. Computeestimatesof F¢ suitablefor computing1D °ux derlvatlves@(d usinga
Riemannsolverfor the interia, R, andfor the bounday, Rg.

Fle = R(Wy, (fy:+:as Wy, (r);i a5 0)

. 1
J Re(Wy, (1) (1 + éed)h;d)

- o1 (41)
] Re(Wy, ¢ty (i + éed)h;d)
d=dir(f)
. Computethe covered®uxes F 1D:covered
Fll?r covered — R(W, ., . ;Wc_clvgred;d
v;+;d ( v;+;d vi+:d ) (42)

1D, covered covered. .
Fv, d R(Wv;i :d ’WV;i ;d’d)

. Computecarectionsto U;.s.4 caresmpndingto one set of transversederivatives
appopriate to obtain (1; 1; 1) diagonalcoupling. This step is only meaningfulin
three dimensions. We compute 1D °ux di®erencesand use them to compute
U, s .4,:.4,, the di-edge-centeredtate partially updated by the e®ectof derivatives
in the d;; d, directions.

DIPFIP = —(|%V+d. FiP o)

gl |
< N§1-d( F®) ifNyga>0 (43)
|%v;§;d: . f2F v:5 0
TR govered otherwise
¢t
Wyis:ayid, = Wyisigy i ?r UW(DéDFlD)v (44)

11



We then extrapplate to coveredfaceswith the proceduredescriled above using
Wis 4,0, tO form wggvgfegd and computean estimateto the °uxes:

Friad, = ROWy, (1) sa0das Was (131 1055 0)
i 1
) RB(WVi (f )i+ ;d1;d2 s (l + éed)h;dl)
i o1
J Re (W ()i s (1 + éed)h;dl)
d =dir (f )
F\/C:?V;edrle%z = R(ch;‘?viif%ziwv;i d1:d, 5 )

covered _ . covered
l:V;+ dyde — R(WV;+ :d1;d2, Wv +dp; d21 dl)

(45)

7. Compute nal carectionsto W;.s.¢4 dueto the nal transversederivatives. We
computethe 2D transversealerivativesand usethem to carrect the extraplated

valuesof U and obtaintime-centered?uxes at centersof Catesianfaces.In three
dimensionsthis takesthe form:

Dd? g(ﬁv +:dy;da | léV:i idysdy |%v;+;dz;d1 i rév;i ;dz;dl)
P .
Ié 0.400 = ) Nv]§- «d® f2FV;§:d0 Ff ;§;d0;doo If NV;§ ;d0> 0
d6d;6d, O- d,dl,d2<D
n+% ¢t

Wy.s% =Wysai ?r UW(Dd;? Fv)
We then extramlate to coveredfaceswith the proceduredescriled above using

2 coveredd
W¢§ 5 to form W¢§ 3

8. Computethe °ux estimate.

F 2= ROWDTE W2 )
vi (f)+d’ vt (f);id?

1
] RB(WVI (f)+ a0 éed)h;d)
o1
i Re(W,i ), i+ Sehh;d) 47
F\Il;*i‘ ;%d:covered R (WV : —d covered \?T —d , d)
RO = RO WO

v;+:d !

9. Modify the °ux with arti cial viscosiy wherethe °ow is compessive.

12



5.3 Modi ciations for R-Z Computations

For R-Z calculationsywe make someadjustmentsto the algaithm. Speci cally we sep-
arate the radial pressurdorce asa sepaate °ux. This malkesfree-streanpreservatiorin
the radial direction easierto achieve. For this section,we will con ne ourselvego the
compessibleEulerequations.

5.3.1 Equations of Motion

The compessibleEulerequationsn R-Z coordinatesare givenby

@  1l@kF") l@F’) @& & _

@ 0 48
@ r @ ra @ @ -
where
U = (Yaley; Yoy; %B)"
F' = (%u; Yaif; Yauuz; YU (E + p) T (49)

F? = (Yy; Y%uu,; ¥24; Yy (E + p)) '
H =(0;p;p;0)"

5.3.2 Flux Divergence Approximations

In section4, we descrile our solutionupdate strategyandthis remaindargelyunchanged.
Our update still takesthe form of equation16 and redistributionstill takesthe form of
equationl18. The de nitions of the divergencappoximationsdo change honever. The
volumeof a full cell ¢ V; is givenby

o1
¢V = + Hh’ (50)
where(i;j) = indi }(v). Dene -'° to be the real volumeof the cell that the VoF
occupies. 7 7
oo 1 rdrdz = 1 En dl (51)
eV, eV g, 2"
h
_xol = 2¢—V((®2)f (vi+ir) i (®2)f (i) i ®Bikivnr) (52)
The conservativalivergencef the °ux in RZ is givenby
h
(D ¢F)v = W((rﬁr@f (vi+ir) i (rlér@)f (vsiir)

+( Héz®)f (vi+;2) i (Héz®)f (vii ;z))

13



no_ T z z

@t @drdz = Hn,dl
@ wh?2_ @ +vh?
no_ T z z
@ "_ 1 @ _
= = ——drdz= Hn,dl
@ vhz @ +vh?
We always dealwith thesedivergences a form multiplied by the volumefraction - .
h-
(D ¢F); = ¢V_“xo.«rrff®)f vy i CF ®) i
+( @) (vi+;2) (FF2®) Wi 2))
o T yA
1 1
v % :ﬁ Hn.dl = ﬁ((H®)f wirnyi (H®¢ vy n))
H & Te 2 1
v o@ he Hn.dl = ﬁ((H ®) vi+izy i (H®)t (vii 12))

whereF hasbeeninterpolatedto facecentroidswhere® denotesthe ordinay areafrac-
tion. The nonconservativdivergencef the °ux in RZ is givenby

1
(D ¢F)CC = hr ((rFr)f (v;+;r) i (rFr)f (v;i ;r))
1 z . z
+ H(Ff (vi+;z) | Ff (v;i ;z))
M @'| ﬂnc 1
@ = H(Hf(v;+;r) i Hiw:in)
u ﬂnc
@ 1 .
@ = H(Hf(vw;z) i Hiii)

5.3.3 Primitive Variable Form of the Equations

In the predicta step, we usethe nonconservativéorm of the equationsof motion. See
Courantand Friedrichs|CF48]for derivations.

av ..av ., av _
@+A@+A@—S (53)

where

14



0 1
u % 0 0

Ar_%o u O l/§
a 0 0 u O
0 % 0 u

0 1
u, ¥» 0 O

0 u, O 0§

r — z

AZ@o0 0 u, 1
0 0 ¥é u,

5.3.4 Flux Registers

Re‘uxingis the balancingthe °uxes at coase- ne interfacesso the coase side of the
interfaceis usingthe same°ux asthe integral of the ne °uxesoverthe samearea. In
this way, we maintain strong massconservatiorat coase- ne interfaces. As shavn in
equation,5.3.2, the conservativalivergencen cylindricalcoordinatesis hasa di®erenct
form than in Catesiancoordinates. It is therefoe necessy to descrile the re°uxing
operationspeci cally for cylindricalcoordinates.

Let Feomp = fFf; Fevalidg pe a two-levelcomposite vecta “eld. We want to de ne
a composite divergenceD ™ (F'; Fevalid) - for v 2 VE,4. We do this by extending
Fevalid to the facesadjacentto v 2 V5,4, but are coverecby F! ..

Ve
) ¥g'¢ V. (nref)(Di b foci 1

Nref (fe)
Ve

) \\;Slq: ch (nref)(Di b

TR

Fre. = WVCVV (h?(r®) )(F" + H)y,
I_l VC. Cﬂ

; - (h2(E®); )(F*+ H)q,

z;f . vol
¢ Ve ¢ VVc

(E®)¢ (B2 + H )

<Fl>¢ =

<Fl> = (r®); (F" + H);

f2chl (fo)

Nref

1o Lg 1
feo2ind (i + éed);l + éed 2 3;;+ [ 3:1;1
N :
g5 = i 8 éed 18e'2-04a:12G,(-")g
The VoF v, is the coasevolumethat is adjacentto the coase- neinterfaceandr, is

the radiusof its cellcenter. Thenwe cande ne (D ¢F),;v 2 V{4, Usingthe exgession
above, with F; =< Fé > on facescoveredby Ff. We can expessthe composite

divergencén termsof a leveldivergenceplusa carection. We de ne a °ux register+F ',

15



assaiatedwith the ne level
ipf = (iFC];;:::iFg)i 1)
+#) indi e, [ 35 ) R”

If F° is any coaselevelvecta “eld that extendsFev@d je. F$= F$'¥ on F&C | then

valid
for v 2 V¢, iq
Dcomp(Ff : F—c;valld)v — (D F—C)V + DR(iFC)V (54)
Here+F' is a °ux register,setto be
] =< F{ > F§onind 'S, [ 35.) (55)

Dr is the re°ux divergenceperata. For valid coasevofsadjacentto - ' it is givenby

. Xt X . X .
~v(DrF")y = ( g i ) (56)
d=0 f:v=v*(f) fv=vi (f)
For the remainingvofsin V! ..,
(Dr+F") " 0 (57)

We then addthe re°ux divergencdo adjustthe coasesolutionU° to preserveconserva-
tion.

U7 += - v(Dr(2F))y (58)
5.4 Arti cal Viscosity

The arti cial viscosiy coexcient is K, the velaity is &t andd = dir (f ).

d . d O & d°
d%d
Ky = Ko maxj (D) ;0)
1 1
an+2 = an+2 i Kf (U\;l+ ) i U\?i (f ))

Fegacd= FEReedi Ke(Uh )i Ul )
We modify the coveredface with the samedivergenceausedin the adjacentuncovered
face.
Frsa = Faga™i Ko (W) i W)
f =f(v;";d)

This hasthe e®ectof negatingthe e®ectof arti cial viscosiy on the non-conservative
divergenceof the °ux at irregula cells. We descrile later that the solid wall bounday
conditionat the embeddedbounday is alsomodi ed with arti cial viscosiy.
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6 Slope Calculation

We will usethe 4th order slope calculationin Colellaand Glaz [CG8% combinedwith
chaacteristiclimiting.

¢ 9w, = 3, €W,

€IW, = ¢V (¢ BW, ¢ PW ¢ RWL) j ¢ 9w, ¢ dw,

COW, = ¢VH(E CW, e W e RW) e VR W, e VR W,
2 1 1

¢PwW, = (Wi ;¢ SW)<<e), i (W + 2° SW)<< i e%),)
1

¢OW, = S(Wh<ef)y i (W< e))

¢EW, = Wi (Wh<j ef),

¢RW, = (W"<<e), | W
1

¢TW, = SEW iAW" < ef)y + (W< 2e),)
1

¢ Rw, = S (i W, + 4WN<<el), j (W"<< 2e%),)

min(¢ W, ;¢ L) if ¢ 3LW, ¢¢ LW, > 0

¢ VLL WV — .
0 otherwise

min(¢ 3RW,; ¢ R) if ¢ 3RW, ¢¢ RW, > 0

¢ VLR Wv = -
0 otherwise

At domainboundaies, ¢ W, and ¢ RW, may be overwrittenby the application. There
are two versionf the van Leerlimiter ¢ V- (#W¢; #W, ; #Wg) that are commonlyused.
Oneisto applya limiter to the di®erences chaacteristicvariables.

1. Computeexpansiorof one-sidedindcentereddi®erences chaacteristicvariables.

@ = 1% ¢xw, (59)
@)ﬁ = |k ¢iWR (60)
@K = 1X ¢xW (61)
2. Applyvan Leerlimiter
o = MINRj®j; 2j @) j@Ej) if €f o’k > 0 62)
0 otherwise

P
3¢V = @k
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Here, Ik = IX(W") andrk = rk(w").

For a variety of problems,it sutcesto applythe van Leerlimiter commpnentviseto
the di®erenceskormally this canbe obtain from the mare generalcaseabove by taking
the matricesof left andright eigenvects to be the identity.

Finally we givethe algaithm for computingthe °attening coexcient 3;. We assume
that there is a quantity carespndingto the pressurein gas dynamics(denoted here
asp) which can act as a steepnes#ndicata, and a quantity carespndingto the bulk
modulus(denotedhereasK , givenas® p in agas),that canbe usedto non-dimensionalize
di®erencem p.

P..
in 3d i Dilgddo
3, = O!T(ljl<l‘l p v it dzo_ ¢iuy <0 (63)
1 otherwise

3¢ = min(®;d),
€ = "(¢ {pv; ¢ Spy; ming(K;d),)
¢y = ¢ pjetp jeRp,
¢ 9pv = (¢ fp<ef), + (¢ fp<i e, j 2¢5p, j 2¢5p,

The functionsmin 3 and?3 are givenbelow.

min s(c; d)v = min((g<< ey a;(a<i e%)y) j ming; (g<< i e%),) j min(q< e%),;q)

e jipaj i*p1
EO ipy f Po g dandjipzj > T
L . .
3(ip1;ip2; po) = 1; jZppy i 'O if 2PU >  andr EEI
3 I “riiro Po 1. japg 0
"1 otherwise

ro= 075 r, = 0:85 d= 0:33
(64)

Note that min 3 is not the minimim overall availableVoFsbut involvesthe minimumof
shifted VoFswhichincludesan averagingoperation.
7 Computing °uxes at the irregular boundary

The °ux at the embeddedbounday is centeredat the centroidof the bounday X. We
extrapolate the primitive solutionin spacefrom the cell center. We then transfam to the
conservativesolutionand extrapolate in time usingthe stable,non-conservativestimate
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of the °ux divergencealescriled in equationl14.

Xi 1
Wy = W'+ (Xq¢ W) (65)
d=0
n+z _ . ¢t NC
U g% = UWyg) i > (D ¢F) (66)
Fln? = Re(U)7;n® 67
viB — B( VB ’nv) ( )

If we are usingsolid-vall bounday condtionsat the irregula bounday, we calculatean
appoximation of the divergencef the velcity at the irregula cell D (&), and useit to
modify the °ux to be consistentwith arti cial viscosiy. The d-directionmomentum°ux
at the irregula bounday is givenby j p'nd wherep' is the pressurgo emergefrom the
Riemannsolutionin equation67. For arti cial viscosiy, we modify this °ux asfollows.

Ri 1 0 0
(Dw), = ¢%ul
d’=0
p'=p i 2Ko maxi (Dtt)y;O)tt ¢A

8 Class Hierarchy

The principal EBAMRGa@unovclassesollow.
2 EBAMRGodundalie AMRLeveberivedclasswhichis drivenby the AMRIass.

2 EBLevelGodunoya classownedby AMRGoduno¥BLevelGodunowadvanceshe
solutionon a leveland can exist outsidethe context of an AMR hierachy This
classmakespossibleRichadsonextrapolation for erra estimation.

2 EBPatchGalunov, is a baseclasswhich encapsulateshe operationsrequiredto
advancea solutionon a singlepatch.

2 EBPhysIBCis a baseclasswhich encapsulatesnitial conditionsand °ux-based
bounday condtions.

8.1 Class EBAMRGodunov

EBAMRGodunisthe AMRLevederivedclasswith whichthe AMRIasswill directlyinter-
act. Its userinterfaceis therefae constrainediy the AMRLevelnterface. The important
data memlersof the EBAMRGodunolassare as follows.

2 LevelData<EBCellFAB> m_state_old, m_state new;

The state data at old and newtimes. Both needto be kept becausesulcyclingin
time requirestemporal interpolation.
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Real m_cfl, m_dx;

CFL number and grid spacingfor this level.

EBPWLFinelnterp m_fine_interp;

Interpolation operata for re ning data during regriddingthat were previouslyonly
coveredby coaserdata.

EBCoarseAverage m_coarse_average;

Thisisthe averagingperata whichreplaceslataon coaserlevelswith the average
of the data on this levelwherethey coincidein space.
RefCountedPtr<EBPhysIBC>m_phys_ibc_ptr;

This bounday condition operata provides°ux-basedbounday data at domain
boundaiesand alsoprovidesinitial conditions.

The EBAMRGoduniowplementatiorof the AMRLeveturrentlydoesthe following for
eachof the important interfacefunctions.

2

Real EBAMRGodunov::advance()

This function advancesthe conservativestate by one time step. It calls the
EBLevelGodunov::step function. The timestepreturnedby that functionis stared
in memler data.

void EBAMRGodunov::postTimeStep()

This function callsre°uxing from the next ner leveland averagests solutionto
the next ner level.

void regrid(const  Vector<Box>& a_new_grids)

This function changeghe union of rectanglesover whichthe data is de ned. At

placesvherethe two setsof rectanglesntersect the datais copiediromthe previous
set of rectangles. At placeswheretherewas only data from the next coaserlevel,
piecewisdinea interpolationis usedto Il the data.

void initialData()

In this functionthe initial stateis Iled by callingm_phys_ibc_ptr->initialize

void computeDt()
This function returnsthe timestepstared duringthe advance() call.

void computelnitialDt()

This function calculateshe time step usingthe maximumwavesgedreturnedby
a EBLevelGodunov::getMaxWaveSpeezhll. De ne the maximumwavesgedto
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be w andthe initial timestepmultiplierto be K andthe grid spacingat this level

to be h,

2 DisjointBoxLayout

Kh
Ct= - (68)

loadBalance(const Vector<Box>& a_grids)

Callsthe Chomlo load balancerto createthe returnedlayout.

8.2 Class EBLevelGodunov

EBLevelGodunovs a classownedby AMRGodunoEBLevelGodunowdvanceghe so-
lution on a leveland canexistoutsidethe contextof an AMR hierachy This classmakes
possibleRichadson extraplation for erra estimation. The important functionsof the
publicinterfaceof EBLevelGodunovollow.

2 void define(const
const
const
const
const
const
const
const
const
const
const
const

DisjointBoxLayout& a_thisDBL,
DisjointBoxLayout& a_ coarDBL,

EBISLayout& a_thiseBISL,
EBISLayout& a_coarEBISL,
RedistSTencil& a_redStencil,
Box& a_DProblem,
int& a_numGhost,
int& a_nRefine,
Real& a_dx,

EBPatchGodunov*const a_integrator,
bool& a_hasCoarser,
bool& a_hasFiner);

De netheinternaldatastructures.For the coasestlevel,an empty DisjointBoLay-
out is passedn for coaserDisjointBd_ayout.

{ a_thisDBL, a_coarDBLThe layouts at this leveland the next coaserlevel.
For the coasestlevel,anempty DisjointBoxLayout ispassedn for coarDBL

{ a_DProblem, a_dx The problemdomainand grid spacingat this level.

{ a_nRefine There nementratio betweenthis levelandthe next coaserlevel.

{ a_numGhos®The numker of ghostcells(assumedo be isotropic)requiredto
advancethe solution.

{ a_bcBounday conditionsandinitial conditionsare encapsulateth this object.

2 Real step(LevelData<EBCellFAB>& a_u,
LevelData<BaselVFAB<Real>>& a_massDiff,
EBFluxRegister& a_coarFluxRegister,
EBFluxRegister& a_fineFluxRegister

const

LevelData<EBCellFAB>& a UCoarseOld,
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const LevelData<EBCellFAB>& a_UCoarseNew,

const Real& a_time,
const Real& a_TCold,
const Real& a_TCNew,
const Real& a_dt);

Advancethe solutionat this timeStepfor onetime step.

{ a_UCoarseOld, a_UCoarseNewhe solutionat the next coaserlevelat the
old and newcoasetimes.

{ a_time, a TCold, a_TCNewhe time of this solution(befae the advance)
andthe old and newcoasesolutiontimes.

{ a_dt Thetime stepat this level.
{ a_UThe solutionat this level.
{ a_massDiff Redistributionrmass.

{ a_coarFluxRegister, a_fineFluxRegisters The °ux registersbetween
this leveland the adjacentlevels.

2 Real getMaxWaveSpeed(constLevelData<EBCellFAB>& a_state);

Returnthe maximumwavespeedof input a_state for purposesof limiting the time
step.

8.3 Class EBPatchGodunov

The base class EBPatchGodunovyrovides a skeleton for the application-depndent
piecesof a second-mder unsplit Gadunovmethad. The virtual functionsare called by

EBLevelGodunoywhichmanageshe overallassemblyf the second-alerunsplit°uxes.
As pat of EBPatchGodungwve providesomememler functions(slope, °attening), that

we expectto be usefulacrossapplicationsput requireeithervirtual functionsor paameter
information by the user.

Thereare threetypesof grid variablesthat appea in the unsplit Gadunovmetha in
section(??): conservedjuantities, primitive variables,and °uxes, denotedbelov by U,
g, F, respectively It is often conveniento havethe number of componentsfor primitive
vaiablesand for °uxes exceedthat for conservedjuantities. In the caseof primitive
vaiables redundantquantitiesare cariedthat parameterizehe equationof statein order
to avoidmultiple callsto that function. In the caseof °uxes, it is often conveniento split
the °ux for somevariablesinto multiple components,e.g., dividingthe momentum®ux
into advectiveand pressurgerms. The API givenhereprovidesthe °exibility to support
thesevariousoptions.

ConstructionMethods:

2 void setPhysIBC(RefCountedPtr<EBPhysIBC> a_bc)
Setthe bounday condtionpointer of the integrata.
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2 virtual void define(
const Box& a_domain,
const Real& a_dx);

Setthe domainvariablesfor this level.

2 virtual EBPatchGodunov*new_patchGodunov= 0;

Factay methad. Return pointer to new PatchGodunovobject with its bounday
condtionsde ned.

EBLevelGoduno\API: (Translation:theseare the only thingsthat actuallyget calledby
EBLevelGodunov

2 virtual void
regularUpdate(EBCellFAB& a_consState,
EBFluxFAB& a_flux,
BaselVFAB<Real>&a_ nonConservativeDivergence,
const EBCellFAB&a_source,
const Box& a_box);

Update the state using °ux di®erencehat ignaes EB. Stare °uxes usedin this
update Store non-conservativdivergence Flux comingout of htis this shouldexist
at cellfacecenters.

2 interpolateFluxToCentroids(BaselFFAB<Real> a_centroidFlux[SpaceDim],
const BaselFFAB<Real>*const a_fluxInterpolant[SpaceDim],
const IntVectSet& a_irreglVvs);

Interpolates cell-facecentered°uxes to centroidsover irregula cells. Flux going
into this shouldexistat cell facecenters.

2 virtual void

irregularUpdate(EBCellFAB& a_consState,
Real& a_maxWaveSpeed,
BaselVFAB<Real>& a_massDiff,

const BaselFFAB<Real> a_centroidFlux[SpaceDim],
const BaselVFAB<Real>&_ nonConservativeDivergence,
const Box& a_box,

const IntVectSet& a_ivs);

Update the state at irregula VoFsand computemassdi®erenceandthe maximum
wavespeedoverthe entirebox. Flux goinginto this shouldexistat VoF centroids.

2 virtual Real getMaxWaveSpeed(
const EBCellFAB&a U,
const Box& a box)= 0;

Returnthe maximumwave speedon overthis patch.
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2 void setValidBox(const Box& a_validBox,
const EBISBox&a_ebisbox,
const Real& a_time,
const Real& a_dt);

Setthe valid box of the patch.
Virtual interface:

2 virtual void consToPrim(EBCellFAB& a_primState,
const EBCellFAB&a_conState) = 0;

Computethe primitive state giventhe conservedtate. W; = W (U;).

2 virtual void incrementWithSource(
EBCellFAB& a_primState,
const EBCellFAB&a_source,
const Real& a_scale,
const Box& a box) = 0;

Incrementhe primitive variablesby the sourceerm, asin (34). a_scale = 0.5*dt .

2 virtual void normalPred(EBCellFAB& a_glo,
EBCellFAB& a_ghi,
const EBCellFAB&a _q,
const EBCellFAB&a _dq,

const Real& a_scale,
const int& a_dir,
const Box& a_box) = 0;

Extrapolate in the low and high directionfrom g, asin (34). A defaultimplemen-
tation is providedwhich assumeshe existenceof the virtual functionslimit

2 virtual void riemann(EBFaceFAB& a_flux,
const EBCellFAB&a_qgleft,
const EBCellFAB&a_gright,

const int& a_dir,
const Box& a_box) = 0;

virtual  void riemann(BaselVFAB<Real>& a_coveredFlux,
const BaselVFAB<Real>8a_ extendedState,
const EBCellFAB& a_primState,
const IntVecSet& a_coveredFace,
const int& a_dir,

const Side::LoHiSide& a _sd) = 0;

Giveninput left andright states,computea suitably-upvinded®ux (e.g. by solving
a Riemannproblem),asin equattion41.

2 virtual void updateCons(EBCellFAB& a_conState,
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const EBFaceFAB& a_flux,
const BaselVFAB<Real>8a_coveredFluxMinu,
const BaselVFAB<Real>&a_coveredFluxPlus,

const IntVecSet& a_coveredFaceMinu,
const IntVecSet& a_coveredFacePlus,
const int& a_dir,

const Box& a_box,

const Real& a scale) = 0;

Giventhe valueof the °ux, update the conservedjuantitiesand modify in place
the °ux for the purposeof passingt to a EBFluxRegister .

consstate_i +=a_scale*(flux_i-1/2 - flux_i+1/2)
2 virtual void updatePrim(EBCellFAB& a_gminus,
EBCellFAB& a_gplus,
const EBFaceFAB& a_flux,

const BaselVFAB<Real>&a_coveredFluxMinu,
const BaselVFAB<Real>8a_coveredFluxPlus,

const IntVecSet& a_coveredFaceMinu,
const IntVecSet& a_coveredFacePlus,
const int& a_dir,

const Box& a_box,

const Real& a scale) = 0;

Givena_flux , thevalueofthe °ux inthedirectiona_dir , updateq_plus, q_minus
the extrapolated primitive quantities,asin (??,29,30).

primstate_i += a_scale*Grad_WU(flux_i-1/2 - flux_i+1/2)

2 virtual void applyLimiter(EBCellFAB& a_dq,
const EBCellFAB&a_ddql,
const EBCellFAB&a_dqr,
const int& a dir,
const Box& a_box) = 0;

Givenleft and right one-sidedundivideddi®erences_dgl,a_dqr , applyvan Leer
limiter vL de nedin section(6) to a_dg Calledby the defaultimplementatiornof
EBPatchGodunov::slope.

2 virtual int numPrimitives() const = 0;

Returnsnumber of componentsfor primitive variables.

2 virtual int numFluxes() const = O;

Returnsnumber of componentsfor °ux variables.
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2 virtual int numConserved() const = 0;

Returnsnumber of componentsfor conservedariables.

2 virtual Interval velocitylnterval() const = 0;
Returnsthe interval of compmnentindicesin the primitive variable EBCellFABfor
the velcities.

2 virtual int pressurelndex() const = O;

Returnsthe componentindexfor the pressure Calledonlyif °attening is used.

2 virtual int bulkModulusindex() const = 0;
Returnsthe component index for the bulk modulus, usedas a narmalizationto
measureshack strengthin °attening. Calledonly if °attening is used.

2 virtual Real artificialViscosityCoefficient() const = 0;

Returnsvalueof arti cial viscosiy. Calledonly if arti cial viscosiy is beingused.

Usefulmemker functions:

2 void slope(EBCellFAB& a_dq,
const EBCellFAB&a_q,
const EBCellFAB&a_flattening,
int a_dir,
const Box& a_box) const;

Computethe limited slope a_dqof the primitive variablesa_qfor the componentsin
the intervala_interval , usingthe algaithm descriledin (6). Callsuser-supplied
EBPatchGodunov::applyLimiter .

2 void getFlattening(const EBCellFAB&a_Qq);

Computeghe °attening coexcient (63) andstoresit in the memterdatam_flatcoef .
Calledfrom EBPatchGodunov::slope, if required.

8.4 Class EBPhysIBC

EBPhysIBGs an interfaceclassownedand usedby PatchGalunovthroughwhicha user
speci esthe initial and bounday of conditionsof her paticular problem. Thesebound-
ary conditionsare °ux-based. EBPhysIBCcontainsas member data the meshspacing
(Real a_dx) andthe domainof computation(ProblemDomaina_domair). The impor-

tant userfunctionsof EBPhysIBGire asfollows.

2 virtual void define(const Box& a_domain
const Real& a_dx) = 0;

De ne the internalsof the class.
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2 virtual EBPhysIBC*new_ebphysIBC() = 0;
Factay methad. Returna new EBPhysIBQbject.

2 virtual void fluxBC(EBFaceFAB&a_flux,
const EBCellFAB&a_ Wextrap,
const EBCellFAB&a_ Wcenter,
const int& a_ dir,
const Side::LoHiSide& a_ side,
const Real& a_time) = 0O;

Enface the °ux bounday condtionon the bounday of the domainand placethe
resultin a_flux . The argumentsto this function are asfollows

{ a_flux is the array of the °uxes overthe box. This valuesin the array
that caresmpndto the bounday facesof the domainare to be replacedwith
bounday values.

{ a_Wextrapis the extraplated value of the state's primitive variables. This
datais cell-centered.

{ a_Wocenteris the cell-centeredralueof the primitive variablesat the start of
the time step. This datais cell-centered.

{ a_dir, a_side isthe directionnarmal andthe sideof the domainwherethe
functionwill be enfacing bounday condtions.

{ a_time isthe time at whichbounday conditionswill be imposed.

2 virtual  void initialize(LevelData<FArrayBox>& a_conState);

Fill the input with the intial conserved/ariable data of the problem.

2 void
setBndrySlopes(EBCellFAB& a_deltaPrim,
const EBCellFAB&a_primState,
const int& a_dir)

Setthe slopesat domainboundaiesas descriled in section6.

9 Results

We run the Modiano problemfor onetime stepto computethe truncation erra of the
operata. The erra at a givenlevelof re nementE" is approximatedby
un(t) i U

t

Etrunc —

(69)
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whereU"(t) is the discretesolutionand U®(t) is the exactsolutionat timet = ¢ t. We
run the Modianoproblemfor a xed time to computethe solutionerra of the operata.
The erra at a givenlevelof re nementE" is appgoximatedby

E%N= UM() i U() (70)

whereU"(t) is the discretesolutionand U®(t) is the exactsolutionat time t. The order
of convergence is givenby

_ log(5)

09(2) 1)
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\ Variable \CoaseErrd FineErra Order \

mass-dengjt | 3.127796e-05 1.669137e-0% 9.060445e-01
X-momentum| 3.292329e-05 1.675957e-0% 9.741235e-01
y-momentum| 6.766401e-05% 3.141857e-05% 1.106771e+00
energy-dengit| 1.094807e-04 5.842373e-0% 9.060502e-01]

Table1: Truncationerra convergenceatesusingL-0 nam. h; = 5%12 andh; = 2hg,
D=2

| Variable | CoaseErra | FineErra | Order |

mass-dengjt | 7.358933e-08 1.616991e-08 2.186185e+00
X-momentum | 7.569344e-08 2.010648e-08 1.912508e+00
y-momentum | 1.764416e-07 4.648945e-08 1.924216e+00
energy-dengit| 2.575709e-07 5.659651e-08 2.186185e+00

Table2: Truncationerra convergenceatesusingL-1 nam. hs = 5%2 and h. = 2h¢,
D=2

| Variable | CoaseErra | FineErra | Order |
mass-dengjt | 4.010155e-07 1.164273e-07 1.784228e+00
X-momentum | 6.057493e-07 2.402295e-07 1.334308e+00
y-momentum | 1.717569e-06 5.992271e-07 1.519193e+00
energy-densgyt| 1.403616e-06 4.075112e-07 1.784237e+00

Table 3: Truncationerra convergenceatesusingL-2 nam. h¢ = 5%2 andh; = 2hg,
D=2

| Variable | CoaseErra | FineErra | Order |

mass-dengjt | 3.769203e-07 7.212809e-08 2.385626e+00
x-momentum | 3.427140e-07 7.681266e-08 2.157589e+00
y-momentum| 7.501614e-07 1.692840e-07 2.147755e+00
energy-dengit| 1.319233e-06 2.524508e-07 2.385625e+00

Table4: Solutionerra convergenceatesusingL-0 nam. hy = 5%2 andh,= 2h;, D = 2
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| Variable | CoaseErra | FineErra | Order |
mass-densjt | 1.103779e-09 1.855826e-10 2.572317e+00
x-momentum | 1.125935e-09 2.356203e-10 2.256588e+00
y-momentum| 1.617258e-09 2.371548e-10 2.769649e+00
energy-dengyt| 3.863314e-09 6.495531e-10 2.572320e+00

Table5: Solutionerra convergenceatesusingL-1 nam. hy = 5%2 andh.= 2h;,D = 2

| Variable | CoaseErra | FineErra | Order |
mass-dengit | 5.553216e-09 1.114919e-09 2.316385e+00
X-momentum| 6.038922e-09 1.251264e-09 2.270905e+00
y-momentum | 9.515687e-09 2.244841e-09 2.083695e+00
energy-dengit| 1.943688e-08 3.902358e-09 2.316379e+00

Table6: Solutionerra convergenceatesusingL-2 nam. hy = 5%2 andh,= 2h;, D = 2
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